. In this short paper we outline (mostly without proofs) our new approach to the derived category of sheaves of commutative DG rings. The proofs will appear in a subsequent paper.
is a suitable sheaf of commutative DG rings on this space. If there exist flat resolutions φ i : A i → O Y i , by which we mean that A i is a flat commutative DG O X -ring, and φ i is a DG ring quasi-isomorphism, then we can take
(Of course, it is enough to resolve only one of the tensor factors.)
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In case X is an affine scheme, or it is quasi-projective over a nice base ring K, then it is quite easy to produce flat quasi-coherent DG ring resolutions of O Y i , and in this way to construct the sheaf of DG rings O Y . This was already done in the paper [CK] of Ciocan-Fontanine and Kapranov.
But in general (for an arbitrary scheme X) there does not seem to be an existing method to obtain flat DG ring resolutions as sheaves on X itself. Thus the derived intersection (Y , O Y ) has until now existed only as an object in a much more complicated homotopical setting. See the preprint [Be] of Behrend for one approach, and a survey of the approaches of Toën et al. and of Lurie under "derived stack" in [nLab] . Being only an object of a complicated homotopy category, the derived intersection (Y , O Y ) is usually quite difficult to manipulate geometrically, and to form associated structures, such a derived module category over O Y , etc.
The first main innovation in this paper is the use of commutative pseudo-semifree sheaves of DG rings. These sheaves enable the formation of flat commutative DG O X -ring resolutions in great generality. But before saying what these sheaves are, we must present a few background concepts.
For an open set U ⊆ X, let us denote by O U⊆X the extension by zero to X of the sheaf O U . Suppose I = n≤0 I n is a graded set, and for each i ∈ I we are given an open set U i ⊆ X. Define
We call E the pseudo-free graded O X -module indexed by I. The summand E n is in degree n. Warning: the O X -module E is usually not quasi-coherent! The commutative tensor ring of E over O X is called a commutative pseudo-free graded ring, and we denote it by O X [I] . See Section 1 for details. It is useful to view O X [I] as a commutative pseudo-polynomial graded O X -ring, in which the elements t i := 1 ∈ Γ(U i , O X ) play the role of variables (and we call them pseudo-generators). For each point x ∈ X the stalk O X [I] x is a genuine commutative polynomial graded O X,x -ring, in variables indexed by the graded set {i ∈ I | x ∈ U i }.
A sheaf of commutative DG O X -ringsÃ is called pseudo-semi-free if the graded sheaf of ringsÃ , that is gotten by forgetting the differential onÃ, is a commutative pseudo-free graded O X -ring. As a DG O X -module, suchÃ is K-flat.
Any sheaf of commutative DG O X -rings A admits a commutative pseudo-semifree DG O X -ring resolutionÃ → A. This is Theorem 2.7. Furthermore, these resolutions are unique up to suitable homotopies, that we explain below.
This brings us to the second main innovation of this paper. 
The functorQ is a right Ore localization with respect to the set of quasi-isomorphisms, and it is also faithful. This gives us very tight control on the morphisms in the derived category.
The commutative pseudo-semi-free DG rings have a certain lifting property that makes everything work. See Theorem 2.11. However, the commutative pseudosemi-free DG rings have a built-in finiteness property (basically coming from the fact that only a finite intersection of open sets of X is open), thus preventing them from being "cofibrant objects". This seems to indicate that there is no Quillen model structure on DGR 
and any quasi-coherent DG sheaf presentation of the derived intersection. This is explained in Sections 4 and 5 of the paper.
When the scheme X is quasi-projective, it is not hard to see that our approach is compatible with that of [CK] . For more general X we did not attempt a comparison, but it is almost certain that our approach is compatible with those of Behrend, Toën and Lurie.
It stands to reason that the method outlined in this paper should allow a clean construction of the cotangent complex of X; see Remark 5.3. Our method should also permit a geometric version of Shaul's derived completion of DG rings from [Sh] , but we do not have a formulation of it yet.
Presumably our work can be extended without too much difficulty to sites that are more general than the Zariski topology of a scheme (e.g. to algebraic spaces, and maybe even to algebraic stacks). We leave this exploration aside for the time being.
In the body of the paper (before Section 5) we do not work with schemes, but rather with topological spaces in general. Indeed, the natural geometric object to which our approach applies is a commutative DG ringed space, which is a pair (X, A), consisting of a topological space X and a sheaf of commutative DG rings A on it. Moreover, there is no need for a special base ring, such as a field of characteristic 0; our constructions are valid over Z.
The present paper is only a preview, meant to convey our new ideas on this subject. Only a few proofs are given here (and some of them are just partial proofs). Our most important result is Theorem 2.7 on the existence of pseudo-semi-free resolutions, and for that we provide a sketch of a proof (the beginning of a full proof, and an indication how to complete it). Understanding the geometric principle of the proof of Theorem 2.7, and combining it with the proofs of several algebraic results in [Ye2] , should presumably allow experts to write their own proofs of the rest of the theorems in this paper. At any rate, we intend to publish a complete account of our approach in the future. Until then, we welcome feedback from readers, with suggestions of proofs, of better results, and also of counterexamples and refutations, in case there should be any...
Let us fix a nonzero commutative base ring K. For instance, K could be a field of characteristic 0; or it could be the ring of integers Z. Let X be a topological space. The constant sheaf on X with values in K is K X . The category of K X -modules (i.e. sheaves of K-modules on X) is M(K X ) = Mod K X . Definition 1.1. A sheaf of commutative graded K X -rings is a sheaf of graded rings A = m≤0 A m , together with a homomorphism K X → A 0 , that A has the strong commutativity property: any local sections a ∈ A m and b ∈ A n satisfy b · a = (-1) mn · a · b, and a · a = 0 if m is odd.
The category of sheaves of commutative graded K X -rings is denoted by GR ≤0 sc /K X . Suppose U ⊆ X is an open set, with inclusion morphism g : U → X. For any K U -module N its extension by zero to X is the K X -module g ! (N ); and for any K X -module M its restriction to U is the K U -module g -1 (M) = M| U . These operations are adjoint: there is a canonical isomorphism
The pseudo-free K X -module of pseudo-rank 1 and pseudo-support U is the K Xmodule
The element
is called the pseudo-free generator of the K X -module K U⊆X .
Taking N = K U in formula (1.2), we have canonical isomorphisms
The pseudo-free generator t U can be interpreted as a homomorphism
. This is actually an injective homomorphism, and thus we can view K U⊆X as an ideal sheaf in K X . It is the ideal sheaf "pseudogenerated" by t U . For a point x ∈ X we denote by K U⊆X,x the stalk of the sheaf K U⊆X at x. If x ∈ U, then the stalk K U⊆X,x is a free K-module of rank 1 with basis t U . But if
canonically as K X -modules. The pseudo-free generators multiply:
The pseudo-free sheaves were used to great effect by Grothendieck in [RD, Section II.7] . See also our paper [Ye1, Section 3] , where the name "pseudo-free" was first used. Definition 1.5. A generator specification on X is a triple I, {U i } i∈I , {n i } i∈I consisting of a set I, a collection {U i } i∈I of open sets of X, and a collection {n i } i∈I of nonpositive integers n i .
We often refer to the generator specification just as I, leaving the rest of the ingredients implicit. The numbers n i are called the cohomological degrees. For every index i there is the the pseudo-free generator (1.6)
Suppose a generator specification I is given. For any n let
Thus I = n I n , so it is a graded set. For any x ∈ X we let (1.8)
Definition 1.9. Given a generator specification I, the graded pseudo-free K X -module pseudo-generated by I is
where for every n the graded component of cohomological degree n is
Note that for any point x ∈ X the stalk E x is a graded free K-module, with basis indexed by the graded set I x . Definition 1.10. The noncommutative pseudo-free graded K X -ring pseudo-generated by I is
where in the l-th summand there are l tensor factors. The multiplication is the tensor product.
Note that K X I is actually bigraded: it has the tensor grading l and the cohomological grading n; but we are only interested in the cohomological grading. Definition 1.11. Let I be a generator specification. The commutative pseudo-free graded K X -ring pseudo-generated by I is the quotient K X [I] of the K X -ring K X I , modulo the two-sided ideal sheaf pseudo-generated by the local sections
for all i, j ∈ I, and by the local sections t i · t i for all i such that n i is odd.
The homogeneous component of
Proposition 1.13. For any point x ∈ X there is a canonical graded K-ring isomorphism 
Proof. Let E be the pseudo-free K X -module pseudo-generated by I. The adjunction property (1.4) says that there is a unique homomorphism φ : E → A in M(K X ) such that φ(t i ) = a i on U i . This extends uniquely to a homomorphism of K X -rings φ : K X I → A by the universal property of the tensor product. To be explicit, any pseudo-monomial
Because A is commutative, the two-sided ideal of graded commutators goes to zero, and therefore there is an induced homomorphism φ :
The uniqueness is clear. A homomorphism of DG K X -rings φ : A → B is a homomorphism of sheaves that respects the DG K X -ring structure. The category of commutative DG K X -rings is denoted by DGR ≤0 sc /K X . In more conventional language, a commutative DG K X -ring A would be called a sheaf of unital associative commutative nonpositive cochain differential graded K-algebras on X.
Commutative rings are viewed as DG rings concentrated in degree 0. Definition 2.2. A commutative DG ringed space over K is a pair (X, A), where X is a topological space, and A commutative DG K X -ring. Definition 2.3. Let (X, A) be a commutative DG ringed space over K. A commutative DG A-ring is a pair (B, φ), where B ∈ DGR ≤0 sc /K X , and φ : A → B is a homomorphism in DGR ≤0 sc /K X . The morphisms between commutative DG A-rings are the obvious ones. The resulting category is denoted by DGR ≤0 sc /A. To any A ∈ DGR ≤0 sc /K X we can assign its cohomology H(A), which is a graded K X -ring. Note that H(A) is the sheaf associated to the presheaf U → H(Γ (U, A) ). Cohomology is a functor
Let A be a commutative DG K X -ring. We denote by A the graded K X -ring gotten by forgetting the differentials. The commutative pseudo-free graded K Xring pseudo-generated by a generator specification I was introduced in Definition 1.11. Definition 2.4. Let φ : A → B be a homomorphism in DGR ≤0 sc /K X . We say that φ is a pseudo-semi-free DG ring homomorphism in DGR ≤0 sc /K X , and that B is a commutative pseudo-semi-free DG A-ring, if there is an isomorphism
of graded A -rings, for some generator specification I. Proposition 2.5. Let B be a pseudo-semi-free commutative DG A-ring. Then B is K-flat as a DG A-module. Definition 2.6. Let (X, A) be a commutative DG ringed space, and let B be a commutative DG A-ring. A pseudo-semi-free commutative DG ring resolution of B over A, or a pseudo-semi-free resolution of B in DGR ≤0 sc /A, is a pair (B, ψ), wherẽ B is a pseudo-semi-free commutative DG A-ring, and ψ :B → B is a surjective quasi-isomorphism of DG A-rings.
Here is the most important result of this paper. (1)]. Indeed, they would be the same if X = {x}, a space with a single point in it.
For any index k ∈ K 0,x there is an open neighborhood U k of x such the element c k ∈ B -1 x extends to an element c k ∈ Γ(U k , B -1 ). This choice also gives us an element
and define U i := U j if i = j ∈ J 0,x . Define the integer n i := -1 if i = k ∈ K 0,x ; and define n i := 0 if i ∈ J 0,x or i ∈ J 0,x . Thus we have a generator specification (2.8)
Taking the union of (2.8) over all points x ∈ X we get a "global" generator specification F 0 (I), {U i } i∈F 0 (I) , {n i } i∈F 0 (I) .
Define the DG ring
. This is possible by Proposition 1.16. According to Proposition 1.15 there is a homomorphism φ 0 : F 0 (B) → B of DG A-rings. Checking at stalks we see that φ 0 satisfies condition (i) above for q = 0; condition (ii) is trivial for q = 0. At this stage we can shrink the indexing set F 0 (I), as long as condition (i) holds for q = 0. See Remark 5.4 regarding the possibility to make the set F 0 (I) finite.
From here on the construction of F q (B) for q ≥ 1 continues along the lines of the proof of [Ye2, Theorem 3.21 (1)], with geometric arguments very similar to those we used above: for every q we go to stalks at points, choose elements, and extend them to open sets. Definition 2.9. Let η : A → A + be a homomorphism in DGR ≤0 sc /K X . We say that η is a split acyclic pseudo-semi-free homomorphism if η is pseudo-semi-free and a quasi-isomorphism, and there is a homomorphism : In a commutative diagram:
Sketch of Proof. We actually prove more: there is a split contractible commutative pseudo-semi-free DG ring C, and a homomorphism C → B, such that Sketch of Proof. This is similar to the proof of [Ye2, Theorem 3.22] . But the pseudo-semi-free DG ringB has to be tailored, in terms of the open sets involved, to the DG ringsB 0 andB 1 .
Of course, by induction, this can be extended to any finite number of quasi-isomorphisms φ i :B i → B.
Remark 2.12. The construction of the DG ringB in Theorem 2.11 involves refinement. There is finiteness built into it (since open sets allow only finite intersections). In general, a singleB will not work for an infinite collection of quasi-isomorphisms
This seems to indicate that there are no cofibrant objects in DGR ≤0 sc /K X , and thus there is no Quillen model structure!
The next definition is a variant of the left homotopy from Quillen theory (see [Ho] ). The DG ring B + plays the role of a cylinder object.
Definition 3.1. Let A ∈ DGR ≤0 sc /K X , and let φ 0 , φ 1 : B → C be homomorphisms in DGR ≤0 sc /A. A homotopy between φ 0 and φ 1 relative to A is a commutative diagram
sc /A, where µ is the multiplication homomorphism, and is a quasi-isomorphism. If a homotopy exists, then we say that φ 0 and φ 1 are homotopic relative to A. In order to have a visible distinction from the Quillen model category notation, below we choose notation that resembles the Grothendieck notation in [RD] . relative quasi-homotopy .
There is a functor P :
sc /A) that is the identity on objects and surjective on morphisms.
Within K(DGR ≤0 sc /A) we have the set of quasi-isomorphisms, and they form a multiplicatively closed set of morphisms. sc /A. We do not wish to perform a detailed study of maps between commutative DG ringed spaces in this paper. We only note that: The results of Section 3 shows that this is a derived functor.
The derived tensor product respects localizations, as in Proposition 3.9.
R A G
In this section (X, O X ) is a scheme (over the base ring K). Let A be a quasi-coherent commutative DG O X -ring; by this we mean that each O X -module A p is quasi-coherent. Let V ⊆ X be an affine open set, and write C := Γ(V , O X ) and A := Γ(V , A). So A is a commutative DG C-ring. We can build a commutative semi-free DG C-ring resolution g :Ã → A. EachÃ p is a C-module, and we can sheafify it to get a quasi-coherent sheafÃ p on V . In this way we obtain a commutative semi-free DG O V -ring resolution g :Ã → A| V . Proof. The commutative semi-free DG O V -ring resolution g :Ã → A| V is just a special case of a commutative pseudo-semi-free DG O V -ring resolution; so we can apply Theorem 2.11 to it and to g| V :Ã| V → A| V .
What Theorem 5.1 says is that locally our commutative pseudo-semi-free resolutions are the same as the quasi-coherent resolutions that were considered in [CK] .
In the next corollary we identify a sheaf on a closed subset Y ⊆ X with its pushforward to X. 
